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Abstract. In previous work, we developed a modular approach for au-
tomatic complexity analysis of integer programs. However, these integer
program do not allow non-tail recursive calls or subprocedures. In this
work, we consider integer programs with function calls and present a
natural extension of our modular complexity analysis approach to the
recursive setting based on a new form of ranking functions. Hence, our
approach combines already existing powerful techniques on the “imper-
ative” parts of the program and our novel ranking functions on the re-
cursive parts. The strength of this combination is demonstrated by our
implementation in the complexity analysis tool KoAT.

1 Introduction

There exist numerous approaches to analyze complexity of programs automati-
cally, e.g., [1, 2, 4, 6-8, 10, 13, 17, 19, 23, 24], but most of them are essentially
limited to non-recursive programs. There are also several techniques for complex-
ity analysis of term rewrite systems (TRSs) which can handle arbitrary recursion,
e.g., [3, 22]. However, TRSs have the drawback that they do not support built-in
data types like integers. Thus, the goal of this paper is to analyze complexity of
programs with built-in integers and arbitrary (possibly non-tail) recursion.

In previous work, we developed a modular technique for complexity analy-
sis of programs with built-in integers which we implemented in the complexity
analysis tool KoAT. It automatically infers runtime bounds for integer tran-
sition systems (IT'Ss) possibly consisting of multiple loops by handling some
subprograms as so-called twn-loops (where there exist “complete” techniques
for analyzing termination and complexity [6, 11, 12, 15, 16, 18]) and by using
multiphase-linear ranking functions [4, 5, 10] for other subprograms. By infer-
ring bounds for one subprogram after the other, in the end we obtain a bound
on the runtime of the whole program. In this paper, we extend our approach to
ITSs which allow function calls, including non-tail recursion. In contrast to the
first attempt for such an extension from [6, Sect. 5], our novel approach takes
the results of function calls into account which leads to a much higher precision.

Ezxample 1. The first while-loop of the procedure main in Fig. 1 computes z!+
-+ 4+ 1! by calling the subprocedure fac. We introduce a novel class of ranking
functions for recursive programs to show that this loop has quadratic runtime.
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main(x,y): fac(a):
while z > 0 do if a =0 then
y <+ y+fac(z); z 2 —1; return 1;
T+ 1; else if a > 0 then
while z <y do return a - fac(a — 1);

T3y 2-y;
Fig. 1: Recursive Integer Program with two Procedures

Furthermore, y’s value is bounded by y + xﬁ“, where x and y refer to
the initial values of the program variables. This observation is crucial for the
runtime of the second loop since it is executed at most log,(size(y)) + 2 =
log, (y + a:””zH) + 2 times, where size(y) denotes the value of y before the second
loop. Hence, the overall program has less than cubic runtime. Here, [0, Sect. 5]
fails to infer a finite runtime bound, as it disregards the return value of fac.
The runtime bound for the second loop can be obtained by our technique based
on twn-loops, but not by linear ranking functions. Thus, our novel approach for
recursive integer programs allows us to combine various techniques for automated

complexity analysis and to benefit from their individual strengths.

In this work, we extend our notions of runtime and size bounds [6, 10, 15, 16,
18] to the new setting of ITSs with function calls. On the one hand, as illustrated
by Ex. 1, we need size bounds to compute runtime bounds, and on the other
hand we also need runtime bounds to infer size bounds. Thus, our approach
alternates between the computation of runtime and size bounds.

Structure: In Sect. 2 we introduce our new notion of I'TSs with function calls and
define runtime and size bounds for these programs. In Sect. 3, we show how to
compute modular runtime bounds for our new class of programs. Analogously, we
present a technique to infer size bounds in a modular way in Sect. 4. In Sect. 5,
we conclude and discuss our implementation in the tool KoAT. All proofs can be
found in App. A (and they will also be published on arXiv).

2 Recursive Integer Transition Systems

In Sect. 2.1 we extend ITSs by function calls and recursion. Afterwards, in
Sect. 2.2 we define runtime and size bounds which extend the corresponding
notions for ITS without function calls [6, 10, 15, 16, 18] in a natural way.

2.1 Syntax and Semantics of Recursive Integer Transition Systems

For a finite set of variables V, as usual, Z[V)] is the polynomial ring over the vari-
ables V with integer coefficients. Constraints are used in the guards of transitions.

Definition 2 (Atoms and Constraints). The set of atoms A(V) consists of
all inequations p1 < pa for polynomials p1,pa € Z[V]. The set C(V) of constraints
consists of all formulas built from atoms A(V) and A.



Modular Automatic Complexity Analysis of Recursive Integer Programs 3

« »”

We also use “>7, “=", “£” in atoms, and negations “—” which can be simulated
by formulas (e.g., p1 > p2 is equivalent to py < p; + 1 for integers). Disjunctions
“V” are modeled by several transitions with the same start and target location.

Non-recursive ITSs are a widely studied formalism in automatic program
verification. Since ITSs do not allow any non-tail recursion, Def. 3 extends them
to ITSs with function calls (so-called p-ITSs). In an ITS, the value of a program
variable v € PV is changed according to the updates n : PV — Z[V] of its
transitions. More precisely, we move from a configuration (¢,0) € L x X to
(¢, 0") by evaluating a transition, where 0,0’ : V — Z are states, X denotes the
set of all states, and L are the locations of the program. We now introduce a
set F of function calls £(v|¢). Here, £ is the start location of the subprogram
that is called, the update ¢ : PV — Z[V] sets the program variables of the
subprogram to their initial values, and v € PV contains the “return value” of
the subprogram upon its termination. More precisely, if o € X is the state before
calling the subprogram via ¢(v|(¢), then the subprogram starts in a configuration
(¢,5), where & results from “applying” the update ¢ to the state o. We also
introduce a subset of return locations 2 C L. As soon as the called subprogram
reaches a configuration (¢/,0’) with ¢/ € §2, the value o’ (v) is returned as the
result of the function call £(v|¢). (We will define the semantics of p-ITSs formally
in Def. 5.) Thus, transitions may now have updates which map program variables
to polynomial combinations of variables and function calls (denoted by Z[VUF]).

Definition 3 (p-ITS). The tuple (PV, L, Ly, 2, F,T) is an ITS with function
calls (p-ITS) where

e PV is a finite set of program variables, V \ PV are temporary variables,

e L is a finite set of locations with an initial location ¢y,

e F is a finite set of function calls £(v|¢) with £ € L\ {{y}, v € PV, and
¢:PY =7V,

o 2C L\ {lo} is a finite set of return locations, and

e T is a finite set of transitions: A transition is a 4-tuple (¢, ¢, n, ') with start
location £ € L\ £2, target location ' € L\ {ly}, guard ¢ € C(V), and update
function n : PV — Z[V U F).

We often denote the set of function calls in a polynomial p, an update n, or a tran-
sition ¢ by fun(p), fun(n), or fun(t), respectively. Similarly, for p € F, fun™"(p)
is the set of all transitions of the I'TS in which p occurs in an update. Transitions
(Lo, _,_,_) are called initial and Ty denotes the set of all initial transitions.

A p-ITSs may contain two kinds of non-determinism: First, non-deterministic
branching is realized by multiple transitions with the same start location. Sec-
ond, non-deterministic sampling is modeled by temporary variables (which can
be restricted in the guard of a transition). Temporary variables are updated
arbitrarily in each evaluation step (and also in function calls), and are only
restricted by the transition’s guard. Intuitively, these variables are set by an
adversary trying to “sabotage” the program in order to obtain long runtimes.

Ezxample 4. The p-ITS in Fig. 2 corresponds to the program from Fig. 1. In
Fig. 2, we omitted trivial guards ¢ = true and identity updates of the form
n(v) = v. The p-ITS has the program variables PV = {a,x,y}, five locations
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Fig. 2: An Integer Transition System with Function Calls p; and ps

L = {ly,l1,Ls, f1, f2}, and two function calls p; = fi(a|{(a) = z) and py =
fi(a|¢(a) = a — 1). The subprogram with the locations f; and fs computes the
factorial a! recursively and returns this result in the return location f; (indicated
by the doubled node). This subprogram is called iteratively in the loop t; with
the argument x. The factorials 2!, (x—1)!, ..., 1 are summed up in the variable y.
Afterwards, x is set to 1 in to, and the second loop t3 at location /5 is executed.

In the following, we also allow the application of states o € X' to arithmetic
expressions e and constraints ¢, i.e., the number [e], or the Boolean value [¢],
results from e or ¢ resp. by replacing each variable v by o(v).

From now on, we fix a p-ITS (PV, L, ¢y, 2, F, T) over the variables V. Formal-
ly, an evaluation step of a p-ITS is a transformation of a tree T whose nodes are
labeled with configurations from £x (XU{L}). We distinguish two kinds of evalu-
ation steps: If a leaf of T is labeled with a configuration (¢, 0) where a transition
t = (¢,p,n,¢') can be applied, then a t-evaluation step extends T at the position
of this leaf to a new tree T, denoted T <; T’. If the update 1 does not contain any
function calls, then T’ results from T by adding an edge to a new node labeled
with a configuration (¢',0’) where o’(v) = [n(v)], for all program variables v,
i.e., by ((,0) = (¢,0"). However, if ¢t contains function calls p; = ¢;(v;|¢;) for
1 < i < n, then T results from T by adding n + 1 children to the former leaf
labeled with (¢,0), i.e., (¢,0) =+ (¢, L) and (£, 0) =, ({;,0;) for all 1 <i < n,
where o;(v) = [¢;(v)], for all program variables v. Here, L denotes an undefined
state which will be instantiated later if the function calls reach return locations.

To this end, we use so-called e-evaluation steps. If for all 1 < i < n, there are
paths from the nodes (¢;,0;) to configurations (¢}, o}) where ¢; € §2 is a return
location, and these paths only contain edges marked with transitions (and not
with function calls p), then the undefined state L can be replaced by a state ¢’
such that o'(v) = [’ (v)], for all program variables v. Here, n’(v) results from
n(v) by replacing every function call ¢;(v;|¢;) by the returned value o} (v;) for all
1 <4 < n. We denote this by n'(v) = n(v) [€;(v:|C;) /o (v;)].

Definition 5 (Evaluation of p-ITSs). Let T be a tree whose nodes are labeled
with configurations from £Lx (X U{L}). T <; T' is a t-evaluation step with tran-
sitiont = (£, ,m, ") iff T has a leaf labeled with (¢,0) where o € X, o |= ¢, and

o if fun(n) = &, then T’ is the extension of T by an edge (¢,0) —+ (¢',0') to a
new node labeled with (¢', ") where o' (v) = [n(v)]s for all v € PV.
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e if n contains the function calls p1 = €1(v1|C1), -, pn = ln(vn|Cn), then T
is the extension of T by the edges (¢,0) = (¢, L) and (¢,0) —,, (;,04) to
n+ 1 new nodes, where o;(v) = [(;(v)], for allv € PV and all 1 <i <n.

If there is a transitiont = (¢, ,n, '), T contains a node N labeled with (¢, o) with
n+1 children such that (€,0)—¢ (', L) and (¢,0)—,, (;,0;) for all function calls
pi = Li(vi|¢;) € fun(n), and from each child labeled with (¢;,0;) there is a path
to a node labeled with (_, o) € 2x X whose edges are all marked with transitions,
then T <. T’ is an e-evaluation step iff T" results from T by replacing N’s label
(0, L) by (¢,0"), where o' (v) = [n(v) [l;(vi|G) /ot (vi)]]le for all v € PV.

For an initial state o¢ € X, the evaluation always starts with T, = ({(¢o, 00)} , @)
which has the only node (£o,00). We write <7 for J,c <¢ and < for <7yqcy.
Moreover, we denote finitely many evaluations steps T < -+ < T/ by T <* T’.

Ezxample 6. Reconsider the p-ITS from Fig. 2 and let us denote states o € X as
tuples (o(a),o(z),0(y)) € Z3. The following tree shows an evaluation starting
in T (g,2,0). Here, a dashed arrow indicates that a state, which was reached via a
function call, was used to replace L via an e-evaluation step. So for example, the
value o2(a) = [ (a)]s, = 2 in cg is obtained from n(a) = a - fi(a|{(a) = a — 1)
by replacing the function call fi(a| {(a) = a—1) by the returned value o3(a) =1
of the function call and by the instantiation oy (a) = 2.

(€0, (0,2,0)) — %> (£1,(0,2,0)) ——— (41, 1)
L
e = (f1,(2,2,0) —2 (£2,(2,2,0)) = &2
po . fs
(fla(17270))*5) (f27(172a0))zc3
| p2 Ae

(f1,0.2.0)) — o (for (1,2,0)) = 4

In the next evaluation step, (¢1, L) can be instantiated by considering cy. Then,
L would be replaced by (2,1,2). Note that while in this tree, every node has at
most one child connected by a p-edge, in general a node can have several outgoing
p-edges if there exist transitions whose updates contain several function calls.

The goal of complexity analysis is to derive an upper bound on the number of
t-evaluation steps starting in T,,. For any tree T and set of transitions T, |T|y
is the number of edges which are marked by a transition from 7. The runtime
complerity measures how many transitions are evaluated in the worst case.

Definition 7 (Runtime Complexity). The runtime complexity is rc : X —
N with N=NU{w} and rc(og) = sup {|T|7 | Ty, <* T}.

2.2 Runtime and Size Bounds for p-ITSs

Now we define our notion of bounds. We only consider bounds which are weakly
monotonically increasing in all variables, since they can be composed easily (i.e.,
if f and g increase monotonically, then so does their composition fog). Asin [18],



6 N. Lommen, J. Giesl

bounds can also be logarithmic. In contrast to our earlier papers, we also consider
2
exponential bounds with non-constant bases to represent bounds like 2% *1.

Definition 8 (Bounds). The set of bounds B is the smallest set with N C B,
PV C B, and {by + by, max(by, b), by - ba, p¥*, log,. (b1)} C B for all by, by € B, all
polynomials p € N[PV], and all k € Ryy.!

Note that in B we require bounds to only contain program variables since the
values of temporary variables are “set by the adversary”.

A runtime bound RB(t) over-approximates the number of ¢t-evaluations that
can occur in an arbitrary evaluation starting in a state g € X, i.e., it is a
bound on the number of t-edges in any evaluation tree resulting from T,,. In
the following, let |o| denote the state with |o|(v) = |o(v)] for all v € V.

Definition 9 (Runtime Bound). RB: T — B is a runtime bound if for all
op € X, allt €T, and all trees T with Ty, <* T, we have |T| < [RB(1)]|6y)-

Cor. 10 shows that to obtain an upper bound on the runtime complexity, one
can compute runtime bounds for each transition separately and add them.

Corollary 10 (Over-Approximating rc). Let RB be a runtime bound. Then
for all states o9 € X, we have rc(0o) < [D,c7 RB(E)] |00 -

Ezxzample 11. In Fig. 2, the transitions tg and t, executed at most once, i.e.,
RB(to) = RB(t2) = 1. In Ex. 22, we will infer a runtime bound with RB(t;) =
RB(ty) = x, RB(t3) = logy(y + 1) + 2, and RB(t5) = 22. This results in a
less than cubic bound on the runtime complexity of the p-ITS.

Our approach performs a modular analysis, i.e., parts of the program are an-
alyzed as standalone programs and the results are then lifted to contribute to the
overall analysis. So to compute a runtime bound for a transition ¢, our approach
considers all transitions and function calls 7 € 7 U F that can occur directly
before ¢ in evaluations, and it needs size bounds SB(7,v) to over-approximate
the absolute values that the variables v € PV may have after these “previous”
transitions and function calls 7. We call RV = (T U F) x PV the set of result
variables. Note that in contrast to runtime bounds (and to our earlier papers),
we now also have to capture the effect of function calls F via size bounds.

Definition 12 (Size Bound). 4 function SB: RV — B is called a size bound
if for all (T,v) € RV, all states g € X, and all trees T with T,, <* T containing
a path (Ly,00) = -+ =7 (,0) with o # L, we have |o|(v) < [SB(7,v)]0,|-

Ezample 13. In Fig. 2, SB(tg,z) = x is a size bound, since the value of x after
evaluating to is bounded by the initial value of x. (Ex. 27 will show how to com-
pute such bounds.) Similarly, we have SB(ta, ) = 1 and SB(ta,y) =y + 2+
see Ex. 31. The size bound SB(p1,a) = x (see Ex. 27) expresses that the value
of a after executing the function call p; is bounded by the initial value of x.

1 More precisely, instead of log, (b1) we use the function [log, (max {1,b1})] to ensure
that bounds are well defined, weakly monotonically increasing, and evaluate to N.



Modular Automatic Complexity Analysis of Recursive Integer Programs 7

3 Modular Computation of Runtime Bounds

Now we introduce our modular approach for the computation of runtime bounds.
To be precise, we infer runtime bounds for subprograms 7’ and then lift them
to runtime bounds for the full program. For any non-empty 7' C T \ 7o, let
Ly ={leL]|({_,_,_)€eT'} contain all start locations of transitions from 7.
In contrast to global bounds, a local runtime bound RBK}C’T: L7 — B only
takes the subprogram 7 into account. It considers a subset 72 C 77 and for ev-

eryteTL, ’RB%C’T (¢;n) over-approximates the number of applications of ¢ in any
run of 77 starting in ¢;,. However, local runtime bounds do not consider how
often such a run is started or how large the variables are before starting a run.
Definition 14 (Local Runtime Bound). Let @ # 7. C 7' C T\7. RBK}C’T:
L1 — B is a local runtime bound for T2 w.r.t. T" if for all oo € X, all £;,, € L7,

and all trees T with ({(¢in,00)} ,8) <7 T, we have |T|7; < [[RBT;Tdm)]]laol'

loc
For readability, Def. 14 considers arbitrary initial states og, but it could also be
refined to only consider states oo where (¢;,,, 0¢) is reachable in the full program.

For 7' C T, let fun(7") denote the set of all function calls ¢(_|_) € fun(t) for
transitions t € 77 such that £ € L. Moreover, fun™*(7") denotes the set of all
transitions ¢ € 7' with function calls ¢(_|_) € fun(t) such that £ € L.

The following “function call ranking functions” (p-RFs) yield a local runtime
bound for the set of transitions 77 w.r.t. 77, provided that fun™"(77) C 7. A
p-RFE (re, 74, 7¢) combines three ranking functions rg, r¢,7¢ : L — Z[PV]. For
any T'-evaluation tree, r¢(£) is a bound on the number of edges labeled with
transitions from fun™!(7”) (i.e., transitions with function calls) in any path of
the tree that starts in a configuration of the form (¢, ). So these paths may
contain both steps with transitions and steps with function calls. Similarly, r(¢)
is a bound on the number of edges with transitions from 72 \ fun™'(7”) in any
path of a T'-evaluation tree starting with (¢, ). Finally, r¢(£) is a bound on the
number of p-edges (i.e., steps with function calls from fun(7")) in any path of a
T'-evaluation tree starting with (¢, _). In Ex. 6, these function calls correspond
to vertical edges, whereas steps with transitions correspond to horizontal edges.

To ensure these properties in Def. 15, (a) requires that r¢ is decreasing and
bounded for edges labeled with fun™"(7"), (b) requires this for r; and edges
labeled with 72 \ fun™'(7”), and (c) requires this for r¢ and edges labeled with
fun(7”). In (d), we require that r, 7, and r¢ do not increase for any edge.

In the following definition, we extend the evaluation of arithmetic expression e
to the “undefined” state L by defining [e] 1 = 0. We also use the relations —; and
—, without referring to an actual evaluation tree. Thus, we say that ({,0) —,
(¢',0") holds for some 7 € T U F if there exists an evaluation To, <7, T for
some state o9 € X such that T contains an edge (¢,0) —, (¢, 7).

Definition 15 (Function Call Ranking Function). Let & # 7. C T’ C
T\ To with fun™"(T") C TL. Then (r, e, 7¢) with g, re,7¢ : £ — Z[PV)] is a
function call ranking function (p-RF) for T w.r.t. T if for all evaluation steps
(l,0) =, (¢',0") with T € T"Utun(T"), we have:



8 N. Lommen, J. Giesl

Rnl (no,ng) Rnl (no - 17712)

fun=1(T7) @ TN fun=H(T) T2\ fun=H(T7) @
> >

da steps

Ry (no,n2 — 1) R, (Tlo,nz -1

Fig. 3: Tllustration of R, (ng, n2)

(a) if T € fun_l(T')l, then [rie(0)]e > [ree(¢)]or and [ree(£)]o >0
(b) if T e TL\fun™ (T'), then [ry(€)], > [re(€)]or and [r(£)]s >0
(c) if 7 € tun(T"), then [re(€)]s > [re(¢)]or and [re(€)]s >0

(d) ifreT ' Utun(T"), then [r;()]s > [ri(€)]s for alli € {tf,t,f}

Note that if 7’s update 7 contains function calls, then in general it is not
decidable whether (¢,0) —, (¢/,0’) holds. Thus, to over-approximate —, in
our automation, we consider a modified update ' where all function calls are
replaced by fresh variables. In practice, we restrict ourselves to linear polynomial
ranking functions and use the SMT solver Z3 [20] to infer p-RFs automatically.

Ezample 16. For the program from Fig. 2, we first consider 7’ = {¢1}. Then
fun(7") = @ and fun™!(7") = @, since the location f; of t1’s function call is not
in L77. A p-RF for TZ =T is r4¢(¢1) = r¢(¢1) = 0 and r¢(¢;) = =. The ranking
functions can always map all remaining locations outside the subprogram 7" to
0. For T’ = {t4,t5} we have fun(7”) = {pa} and fun™"(T’) = {t5}. A p-RF for

2 =A{ts}is ree(f1) = 1, rua(f2) = (1) = 7i(f2) = 0, and 75 (f1) = re(f2) = a.

The following theorem shows that p-RFs yield local runtime bounds. For a
local runtime bound, we have to over-approximate how many edges labeled with
T. can occur in a T’-evaluation tree starting with a configuration of the form
(¢,_). To this end, for any transition ¢ let nfcy (¢) denote the number of function
calls £(_|_) € fun(¢) with £ € L7+, and let nfc(7”) = max {nfcr (¢) | t € T'}. The
ranking functions r, 7, and r¢ influence the local runtime bound in different
ways: If every path has at most ng edges labeled with transitions from fun~! (7",
n; edges labeled with transitions from 72 \ fun™'(77), and ny edges labeled with
function calls, then R, (ng,n2) over-approximates the number of 7-edges in
any 7'-evaluation tree, where R, (no, n2) is defined via the following recurrence:

Ry (mo,ma) = 4 14 if ng = 0, 2 = 0, or nfe(7”) = 0
m 012 T e+ Ry (0 — 1,m2) + 0fe(T”) - Ry (mo,m2 — 1), otherwise

This can be shown by induction on ng + ns. If ng = 0,n2 = 0, or nfc(7’) = 0,
then there is no function call and thus, there can be at most n; edges labeled
with transitions from 77 \ fun™'(7’) = 7Z. The induction step is illustrated in
Fig. 3. Here, the path from the root node to the first node N where a function is
called uses at most d; < n; edges labeled with transitions from 72 \ fun™'(77).
The node N has at most nfc(7”) many outgoing edges labeled with function calls
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and one outgoing edge to a node N’ labeled with a transition from fun™!(77).
The function calls lead to at most nfc(7”’) many subtrees where each contains
at most Ry, (ng,ns — 1) many 7-edges by the induction hypothesis. The path
from the node N’ to the next node N where a function is called uses at most d»
edges labeled with transitions from 72 \ fun™!(7"), where we have d; 4+ dy < n;.
Finally, the subtree starting in node N’ has at most R,,(ng — 1,m2) many
T:-edges by the induction hypothesis. Thus, the full tree has at most [T|7 <
dl + 1+ HfC(T’) . Rnl (TLQ,TLQ - 1) + d2 + Rnl (Tlo - 1,77,2) S 1+ ny + Rnl (Tlo -
1,n9) + nfc(T7) - Ry, (no, n2 — 1) many 72 -edges.

As shown in App. A, ny +ng - (1 +nqy - (1 +nfe(T"))) - (nfe(T”) - np)™2 is an
over-approximating closed form solution of R, (ng, n2). Hence, instantiating this
closed form with the ranking functions yields the desired local runtime bound.
Here and subsequently, [-] is used to transform a polynomial into a bound from
B by taking the absolute values of the coefficients, e.g., [z — y] = x + .

Theorem 17 (Local Runtime Bounds by p-RFs). Let @ # 7. CT' C

T\ To with fun™ (T") C T2 and let (rys, e, 7¢) be a p-RF. Then RBE:’T is local
runtime bound for TZ w.r.t. T', where for all £ € L7/, we define ’RBZ}C’T (0) as:

(@1 + Tre()] - (14 [re(OT - (L4 nfe(T))) - (be(T") - Fra(@)DT T

Example 18. With the p-RFs of Ex. 16, Thm. 17 yields RBL 1 (0)) = [ro(61)]
=z (as r¢(f1) = 0) and RB{t5}’{t4’t5}(f1) =a (as nfc(7") =1).

loc

To lift local to global runtime bounds, we consider those transitions and
function calls which start an evaluation of the subprogram 7.

Definition 19 (Entry Points). Let @ # T' C T\ To and let Fr = {{(]_) €
F | L€ Ly} be the set of function calls in the full program T that refer to start
locations of T'. Then ET 7+ ={r e T\T' |34 € Ly.7 = (_,_,_,{)} is the set of
entry transitions and EF = {r € T\T' | fun(r)NFr # @} is the set of entry
(function) calls for T'. Er+ = ET 7 U EF 7+ is the set of entry points for T'.

Ezample 20. For Fig. 2, we get L,y ={l1}, Fi,3 =9, and Egy 3 =ET 14,3 ={to}-
Moreover, Ly, 1.3 = {f1}s Freatsy = {p1,p2}, and Eqp, vy = EF 1,451 = {11 }-

To illustrate that 7'\’,817;?’7—(&”) is a bound on the number of evaluations of

transitions from 7 after evaluating a particular entry transition r or a function
call p, we also write RBK}C(%T T') or RB> (—, T') instead of RB>T (lin) if

loc loc

r=(__,_lin) €ETr orif p=1~4;,(_|) € fun(r) N Fp for some r € EF 7.

Thm. 21 allows us to lift arbitrary local runtime bounds of a subprogram (e.g.,
local runtime bounds by p-RFs) to global runtime bounds for the full program.
To this end, we consider RB(r) to over-approximate how often a local run of 77 is
started by an entry point r € £7-. In contrast to our previous work [10, 15, 18], we
also have to consider entry calls r. Furthermore, we have to consider the size of
the program variables after entering the subprogram by r or by a function call p
in 7. Hence, we replace every program variable v € PV by its size bound SB(r, v)
for 7 =r or 7 = p, respectively. This is denoted by “[v/SB(r,v) | v € PV]".
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Theorem 21 (Lifting Local Runtime Bounds). Let RB be a global runtime
bound, SB be a size bound, and @ # TL C T C T \ To. Moreover, let RBZ}C’T
be a local runtime bound for T. w.r.t. T'. Then RB' is also a global runtime

bound, where RB'(t) = RB(t) for allt € T \ T and for t € T, we have:

RE'(t) =Y, c ey, RB(r) - RB

loc

(= T [v/SB(r,v) | v e PV
Y cer Ypetuntryng,, RB(I) - RBL- (=5, T') [v/SB(p,v) | v € PV

Ezxample 22. We now compute the remaining global runtime bounds for Fig. 2,
see Ex. 11. For ¢; and t5, we had inferred the local runtime bounds RB{tl}(—>t0

loc

{t:}) = x and RBI (=, {ts,t5}) = a in Ex. 18. Thus, we obtain RB(t;) =

loc

RB(to) - RBU (=, {t1}) [2/SB(to, )] = @ (with RB(to) = 1 and SB(ty, z) =

loc

z) and RB(t5) = RB(t1) - RBI (=, {ta,t5}) [a/SB(p1,a)] = 2 (with RB(t;)
= 2z and SB(p1,a) = z) by Thm. 21. Similarly, RBE;‘}(%M {ts,t5}) = 1 is

a local runtime bound since the subprogram {4} consists of a single transition
without function calls. Here, we get RB(t4) = RB(t1) RB (—=p1 {ta,t5}) = .

loc

Finally, RB&?’}(%Q {ts}) = log,y(y) + 2 is also a local runtime bound, which
cannot be inferred by linear ranking functions but by our technique based on
so-called twn-loops [11, 12, 15, 16, 18] (see App. B for the detailed construc-

tion). Lifting this local bound by Thm. 21 yields the global bound RB(t3) =
RB(ts) - RBY (=4, {t3}) [y/SB(ta, y)] = logy(y + 2% +1) 4+ 2 (with RB(t5) = 1

loc .
and SB(te,y) =y + me“). Thus, our modular approach allows us to consider
individual subprograms separately, to use different techniques to compute their

local bounds, and to combine these local bounds into a global bound afterwards.

4 Modular Computation of Size Bounds

We now introduce our modular approach to compute size bounds. To this end,
we extend the technique of [6] to handle ITSs with function calls. For every result
variable (7,v) € RV = (T UF) x PV, we define a local size bound SBioc(T,v) €
N[PVUF]. So 8B (T, v) is a polynomial over the program variables and function
calls (which are treated like variables). When instantiating every function call
p = L,(vp|_) in SBioe(T,v) by the size |0,|(v,) of its result, then SBioe(7,v) must
be a bound on the size of v after a single evaluation step with 7.

Definition 23 (Local Size Bound). SBjo. : RV — N[PV U F] is a local size
bound if for all (T,v) € RV, all evaluations (¢',0") =, (¢,0) witho # L, and all
evaluations (¢',0') —, o =* ({,,0,) starting with some p = l,(v,|_) € F such
that £, € 2 and o, # L, we have |o|(v) < [ SBioc(7,v) [0/ |o,|(vp) | p € F] ]

For every result variable (t,v) € T x PV with ¢t = (_, _,n,_), in practice we
essentially use SBioc(t, v) = [n(v)], e.g., SBioc(t1,y) = y+p1 and SBioc(t1, ) =
[x—1] = z+1 for the program from Fig. 2. However, due to the guard « > 0 of ¢1,
here we can obtain the more precise local size bound SBioc(t1,2) = 2. Similarly,
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Fig. 4: Part of the RVG for Fig. 2

we essentially use SBioc(p,v) = [¢(v)] for every result variable (p,v) € F x PV
with p = £(_|¢). So for Fig. 2, we would obtain SBjoc(p2,a) = [a—1] =a+ 1.
However, due to the guard a > 0 of the transition t; whose update contains the
function call ps, we can again obtain the more precise bound SBjoc(p2,a) = a.

Next we construct a result variable graph (RVG) which represents the in-
fluence of result variables on each other. For any polynomial p € N[PV U F],
let act(p) € PV U F denote the set of its active arguments, i.e., x € act(p) iff
x € PV U F occurs in p. Furthermore, let pre(7) denote transitions or function
calls that directly precede 7, i.e., 7/ € pre(7) iff there exists an evaluation which
contains the path —,, o —.. Then the RVG has the nodes RV and it has an
edge from (7/,v") to (7,v) whenever 7/ € pre(7) and v’ € act(SBioc(T,v)).

Moreover, we have to consider the values of function calls. We say that ¢’ is
an §2-predecessor of (t,p) if the transition ¢ ends in a return location which is
reachable from a function call p = £,,(_|_) € fun(?), i.e., if there is an evaluation
= (0,0) = - =y (£,,_) for some £, € 2. Let pre®(t, p) denote the set of all
2-predecessors of (t,p). Whenever t = (_,_,n,_), p = £,(v'|_) € fun(n(v)), and
t' € pre®?(t, p), then there is an 2-edge from (t',v) to (t,v) in the RVG.

So for Fig. 2, we have pre®(t1, p1) = {t4,t5}, since both ¢4 and t5 end in the
return location fo, t1’s update of y contains the function call p; = fi(al_), and
there are evaluations —,, (f1,_) =+, (f2,_) and —,, (f1,_) =+ (f2,_). Thus,
there are £2-edges from both (t4,a) and (t5,a) to (t1,y) in the RVG. In practice,
we use efficiently computable over-approximations for pre(-) and pre®(-,-).

Definition 24 (Result Variable Graph). An RVG has the nodes RV, the
RV-edges {({7',v"),(T,v)) | 7" € pre(7),v" € act(SBioc(7,v))}, and the 2-edges
{((t’,z/), <t7v>) | t'e preQ(t’ P); = (77777717)7 p= E;(U/L) € fun(ﬁ(v))}-

Ezxample 25. Fig. 4 depicts a part of the RVG for the program of Fig. 2. For
instance, there is an edge (t1,z) — (p1,a) as the value of x after transition ¢;
influences the value of a after the function call p;. More precisely, ¢; € pre(p;) =
{to,t1} and = € act(SBioc(p1,a)) = act(x) = {z}. Note that we do not have
an edge from (p1,a) to (t4,a) as SBioc(ts,a) = 1. The RVG has four 2-edges
which are red-dashed in Fig. 4. Moreover, Fig. 4 has the five non-trivial> SCCs

{(t1,2)}, {{p2,a)}, {{t1,y)}, {{ts,v)}, and {(¢t5,a)}, where the latter forms a

2 As usual, a strongly connected component (SCC) is a maximal subgraph with a path
from each node to every other node. An SCC is trivial if it consists of a single node
without an edge to itself.
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cycle with an (2-edge. While the full RVG has additional non-trivial SCCs, we
omitted them from Fig. 4 as they have no impact on the runtime.

We already developed powerful techniques to lift local to global size bounds
for ITSs without function calls in [6, 16, 18]. We now extend the technique of [6]
to handle function calls.

We start with size bounds for trivial SCCs {(7,z)} in the RVG. Thm. 26
considers the case where 7 € F or 7 € T with an update 7 such that fun(n(z)) =
@. The case fun(n(z)) # & is handled in Thm. 28. If 7 is an initial transition,
i.e., pre(r) = &, then SBioc(7,x) is already a (global) size bound. Otherwise,
if pre(r) # @, then Thm. 26 over-approximates the sizes of the variables in
SBioc(T, ) by the size bounds corresponding to the preceding transitions.

Theorem 26 (Size Bounds for Trivial SCCs Without Function Calls).
Let 8B be a size bound and {(r,z)} be a trivial SCC of the RVG such that T € F
or fun(n(z)) = @ for the update n of 7 € T. Then SB' is also a size bound where
SB'(a) = SB(a) for all a # (7, z), and for a = (1, x) we have

SB(a) = SBioc(a), if pre(t) = &
MaX, ¢ pre(r) 1SBloc(@) [v/SB(T',v) | v € PV]}, otherwise

Note that due to the requirement on (7, ) in Thm. 26, w.l.o.g. SBioc(T, z) only
contains variables from PV, but not from F.

Ezample 27. Reconsider Fig. 2 and 4. We have SB(tg, z) = SBioc(to, ) = = by
Thm. 26 as pre(tg) = &. Moreover, we obtain SB(t4,a) = 1 since SBioc(ts,a) =
1. In Ex. 31 we will show that SB(t1,x) = . Since SBioc(p1,a) = = and pre(p;)
= {to, t1}, this implies SB(p1, a) = max{z[x/SB(tg, z)|, z[x/SB(t1,x)]} = «.

The following theorem handles trivial SCCs {(t, )} where ¢ contains func-
tion calls p. Hence, in contrast to Thm. 26, we have to instantiate these function
calls by the size bounds for the transitions of pref(t, p), as they reach the cor-
responding return locations. If a function call p € fun(t) does not reach a return
location, then we can set the size bound for (¢,z) to 0, because then —; only
reaches configurations (_, 1). For any n € N, let [n] denote the set {1,...,n}.

Theorem 28 (Size Bounds for Trivial SCCs With Function Calls). Let
SB be a size bound and {(t,x)} be a trivial SCC of the RVG such thatt € T and
fun(n(x)) # @. Then SB’ is also a size bound where SB'(a)) = SB(a) for o #
(t,z), and for a = (t, ) with fun(n(x)) = {p1,...,pn} and p; = £;(v;|_), we have

0, if pre’ (t, p;) = @ for some i € [n]
MaXy ¢ pre?(t,p;) for all i€[n] {SBIOC(a) [p’b/SB(t'/u Ui) | (S [n]]} )

SB' (o) = if all pre®(t, p;) # @ and pre(t) = @
max {«(S)Bloc(a) [v/SB(7',v)|vePV] [pi/SB(t;,v;)|i€[n]]}, otherwise
T'e pre(t

t, € pre”(t,p;) for all i€[n)

Ezample 29. Consider a variant of Fig. 2 where we replace the update n(y) of ¢;
by p1 = fi(a|{(a) = x). Thus, the self-loop at (t1,y) is removed from the RVG in
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Fig. 4. Then, we can apply Thm. 28 on the trivial SCC {(t1,y)}. Assume that we
already computed SB(ts4,a) = 1 and SB(t5,a) = iR (see Ex. 27 and 31). We
have pre(t1) = {to, t1}, but SBioc(t1,y) = p1 does not contain variables from PV.
Hence, we get SB(t1,y) = max {pi[p1/SB(ts,a)], p1[p1/SB(ts, a)]} = z* 1.

Finally, we introduce our approach to handle non-trivial SCCs. Let C C RV
be the nodes of such an SCC. Our approach can only be applied to SCCs where
for all & € C, there exist e, € N and s, € N[PV] such that

SBIOC(a) < Sa - ( €a + Zv € act(SBioc(a))\act(sq) v ) (1)

where “<” is interpreted pointwise (i.e., the inequation must hold for all instanti-
ations of the variables by natural numbers). Here, s, captures the scaling behav-
ior of SBjoc(), e.g., it allows us to consider updates of the form n(x) =2z or
n(x) = a-z for a variable a € PV. Note that in [6], only constant factors s, were
allowed. Similarly, e, captures the additive growth in updates like n(z) = 1+ z.

We now also define pre and pre® for result variables. For a € RV, pre(a)
(pref?(a)) is the set of all result variables o/ with an RV-edge ({2-edge) from
o’ to a in the RVG. Furthermore, for any result variable o in the SCC C, let
Vo = {vePV|3r.(1,v) € pre(a) N C} be the set of all variables v with an
RV-edge to o in C, and similarly, let F,, = {v € PV | 3t. (t,v) € pre?(a) N C}.
Finally, for any p € N[PV U F], let actV(p) = act(p) NPV be p’s active variables
and actF(p) = act(p) N F be the active function calls of p.

To consider the additive growth, we over-approximate the sizes of variables
on incoming edges from outside the SCC C. Let init,(v) = max{SB(r,v) | 37 €
TUF.(r,v) € pre(a)\C} be a bound on the size of v when entering C' via an RV-
edge to a. Analogously, init? (v) = max{SB(t,v) | 3t € T.(t,v) € pre?(a)\ C}
is a bound on the size of v when entering C' via an {2-edge to a. The execution
of a’s transition or function call means that the values of the variables in V,
or F, can be increased by adding init,(v) for all v € actV(SBioe()) \ Vi (or,
respectively, by adding init{(v) for all £(v|_) € actF(SBiee()) where v & F,)
plus the constant e,. This can be repeated rb, times, where rb, = RB(t) if
a=(t,v) and rba =} cpun-1(,) RB(Y) if v = (p,v), i.e., rby is a bound on how
often a’s transition or function call is evaluated during a program run. Thus, the
following expression over-approximates the additive size-change resulting from
« (ignoring the growth resulting from V,,, F,, and actV(s,) for now):

add(a) = rby - (eq + > inite(v) + > init? (v) )
v € actV(SBiog(a)) £(v].) € actF(SBioc(ar))
v ZactV(sq)UVy v Fq

We now take the growth resulting from the variables in V,, or F}, into account.
First, since the expression add(«) only captures the change of the size, for an
overall size bound, one has to take the initial values of the variables in V,, and
F,, before entering the SCC C' into account. This leads to

add(a) + ZvEVa inite(v) + ZveFa zmtaﬁ(v)
Moreover, if |V, |+ |F,| > 1, then each execution of a’s transition or function
call may multiply the value of a variable by |V,,| + |F,|. For example, consider
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the update n(z) = n(y) = « + y where z,y € V,,. Then, both z and y grow with
a factor of two. A similar effect is obtained for scaling factors s, > 1. As for
the additive growth, this multiplication must be performed rb, times. This is
captured by scale(a) for a = (7, _):

scale(a) = (MaXys ¢ pre(r) {1, 5a [v/SB(7",v) | v € PV]} - (|Va| + |Faul) )roa

The following theorem shows how to compute size bounds for non-trivial
SCCs C by accumulating scale(a) and add(«) for all « € C. To simplify the
presentation, in contrast to [6], we do not consider transitions individually and
use a single expression instead of defining several classes of local size bounds.

Theorem 30 (Size Bounds for Non-Trivial SCCs). Let SB be a size
bound and C be a non-trivial SCC in a RVG, where for all a € C, SBioc()
satisfies (1) for suitable e, and so. Then SB' is also a size bound where SB' () =
SB(a) for alla € RV \ C, and SB'(a) = SB'(C) for all a € C, where

SB'(C) = [Toco scale(a) - (3o coladd(a)+) 0, oy, inita(v)+) 2, cp. init? (v)))

Ezample 31. Reconsider Fig. 2 and 4. We now infer size bounds for the non-
trivial SCCs {(t1,2)}, {(p2,a)}, {{t5,a)}, and {({t1,y)}. For a = (t1,z) with
SBioc(t1, ) = x, we have s4 =1, e, =0, V,, = {z}, F = &, actV(SBioc(t1, z))
= {z}, and actF(SBioc(t1,x)) = @. This implies scale(a) = 1, add(a) = 0, and
inity (z) = SB(tg, ) = x. Thus, we obtain the size bound SB(t1,z) = x.

Similarly, for a« = (pg,a) with SBioc(p2,a) = a, we obtain s, = 1, e, = 0,
Vo ={a}, Fo = @, actV(SBioc(p2, a)) = {a}, and actF(SBioc(p2,a)) = @. Thus,
we have scale(a) = 1, add(a) = 0, and init,(a) = SB(p1,a) = x by Ex. 27. This
yields the size bound SB(ps, a) = x.

For a = (t5,a) with SBioe(t5,a) = a - p2, we have s, = a, e, =0, V, = &,
F, = {a}, actV(SBioc(ts,a)) = {a}, and actF(SBioc(t5,a)) = {p2}. As pre(ts) =
{p1, p2}, we have scale(a) = (max{1, a[a/SB(p1,a)], ala/SB(p2,a)]})RBE) =
2 (with RB(t5) = 22 by Ex. 22 and SB(p1,a) = SB(p2,a) = x when using the
invariant = > 0 and thus, max{1,z} = ), add(a) = 22 - 0 = 0, and init?(a) =
SB(t4,a) = 1 by Ex. 27. Hence, we obtain the size bound SB(ts,a) = z’

Finally, for a = (t1,y) with SBioc(t1,y) = y + p1, we have s, = 1, e, = 0,
Vo = {y}, Fo = 9, actV(SBioc(t1,v)) = {y}, and actF(SBioc(ts,a)) = {p1}.
Thus, we obtain scale(a) = 1, add(a) = RB(t1) - init?? (a) = = - max{SB(t4,a),
SB(ts,a)} = x - a® = 2% T (with RB(t;) = x by Ex. 22, SB(ts,a) = 1, and
SB(ts,a) = 2*°), and inita(y) = SB(ty,y) = y. Hence, we get the size bound
SB(t1,y) =y + 2%°+1, This also implies SB(t2,y) =y + 22+,

5 Conclusion, Implementation, and Related Work

In this paper we presented a novel framework for complexity analysis of integer
programs with function calls. To this end, we introduced a new class of ranking
functions and extended our modular approach for inferring runtime and size
bounds [6, 10] such that we can now also handle return values of function calls.
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Related Work: As mentioned in the introduction, there exist many approaches
to analyze complexity of programs automatically, e.g., [1, 2, 4, 6-8, 10, 13, 17, 19,
23, 24]. However, only few of them focus on programs with recursion or function
calls. While we already discussed an extension to recursive ITSs in [6], here the
return values of function calls were ignored.

Techniques for complexity analysis of term rewrite systems (e.g., based on
dependency pairs [3, 22]) can handle (possibly non-tail) recursion, but standard
TRSs do not support built-in types like integers. However, some works studied
connections between complexity analysis for TRSs and our approach from [6] for
complexity analysis of ITSs. To this end, [21] introduced recursive natural tran-
sition systems with potential non-tail recursion. Here, the idea is to summarize
(and subsequently eliminate) subprocedures by approximating their runtime and
size. Thus, this approach does not benefit from techniques such as our new class
of ranking functions which allows us to handle subprograms with function calls
directly. In [26], dependency pairs for TRSs were extended by the computation
of size bounds from [6] and the inference of runtime bounds via classical ranking
functions and the Master Theorem in order to handle logically constrained TRSs.

Instead of representing integer programs as ITSs, there are also techniques
based on so-called cost equation systems which can express non-tail recursive
integer programs as well, e.g., [8]. This approach analyzes program parts inde-
pendently and uses linear invariants to compose the results, i.e., it differs signifi-
cantly from our approach which can also infer non-linear size bounds. Moreover,
[13] presents an approach for automatic complexity analysis of OCaml programs,
which however has limitations w.r.t. modularity, see [21].

Implementation: We implemented our novel results and integrated them into
our tool KoAT which also features powerful techniques for subprograms without
function calls [6, 10, 15-18].

In the beginning, KoAT preprocesses the program, e.g., by extending the
guards of transitions with invariants inferred by Apron [14]. For all SMT problems
(including the generation of ranking functions), KoAT uses Z3 [20].

To our knowledge, KoAT is currently the only tool which can infer a finite
runtime bound for the recursive ITS from our leading example (Fig. 2). Further-
more, it is also the most powerful tool on “classical” ITSs without function calls
(see the results at the annual Termination and Complexity Competition (term-
COMP) [9] and [10, 15-18] for evaluations). While the Termination Problems
Data Base [25] used at termCOMP contains a large collection of ITSs without
function calls, up to now there does not exist any such standard benchmark set
for ITSs with function calls. To demonstrate KoAT’s power on recursive p-ITSs,
we collected 15 typical such integer programs and our evaluation showed that
KoAT infers finite runtime bounds for 14 of them. KoAT’s source code, a binary,
a Docker image, and details on our evaluation are available at:

https://koat.verify.rwth-aachen.de/function-calls

This website also contains details on our input format for p-ITSs and a web
interface to run different configurations of KoAT directly online.
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A  Proofs

Theorem 17 (Local Runtime Bounds by p-RFs). Let @ # T, C T' C
T\ To with fun™*(T") C T2 and let (rit, e, 75) be a p-RE. Then RBIZ}C’T is local
runtime bound for T w.r.t. T', where for all £ € Ly, we define RrRB>T (£) as:

loc

[r(@] + Tre(O] - L+ [ro(0)] - (L +0fe(T"))) - (afe(T7) - [ree(e)]) T

Proof. Let ({({,0)},@) <%, T be an evaluation in the subprogram 7" with
¢ € L+ and an arbitrary state o € X. We have to prove that

T/ ’7—'/
Tl7z < [RBige”™ (Do) (2)
holds. To this end, we consider the following recurrence:

ni, if no =0, ny =0, or nfc(7’) =0

Ry (no,n2) = { 1411 4+ Ran, (no — 1,n2) + nfc(T’) - Ra, (no,n2 — 1), otherwise

As shown in Sect. 3, by induction on ng-+nsg one can prove that R, (ng, ng) over-
approximates the number of 7!-edges in any 7'-evaluation tree (i.e., |T[7z <
R, (no,n2)), provided that every path has at most ng edges labeled with tran-
sitions from fun™"(77), n; edges labeled with transitions from 77 \ fun™'(77),
and ny edges labeled with function calls. Now we show that ny + ng - (1 + nq -
(14 nfe(T"))) - (nfe(T”) - ng)™2 is an over-approximating closed form solution of
R, (ng,n2). Instantiating this closed form with the ranking functions yields the
desired local runtime bound.
Let us abbreviate ¢ = nfc(7’) and

f(no,nl,ng) =n1+ng- (1 +nq - (1 +C)) . (C'Tlo)n2.

We show that for all ng,n1,ny € N we have R, (ng,n2) < f(ng,ni,n2) by
induction on ns.

If ng = 0, then we have R, (ng,n2) = f(ng,n1,0) = ny. Otherwise, if ny > 0
and ¢ - ng = 0, then we also have R, (ng,n2) = f(no,n1,n2) = ny. Finally, if
ng > 0, ¢ > 0, and ng > 0, then we have

R, (ng,n2) =1+n1 + Ry, (ng — 1,n2) + ¢ Ry, (nog,na — 1)

<1+4+ny+e- f(no,ni,ne — 1)+ Ry, (no — 1,n2)
(by the induction hypothesis)
no—1

< Z (I1+mn1+c- f(no—1i,m,na— 1))+ Ry, (0,n2)  (3)
i=0

The last step (3) is clear if ng = 1. Otherwise if ng > 1, the reason for (3) is
that we have

L+mny +c- f(no,n1,n2 — 1) + Ry, (no — 1,12)
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=14+n1+c- f(no,n1,n2 — 1)+
14114+ Rn,(no—2,n2)+ ¢ - Rp,(ng —1,ne — 1)
(evaluate Ry, (ng — 1,n2))
S 1+7L1 +c- f(no,nl,nz — ].)+
14+n+c f(no—1,n1,n2 — 1)+ Ry, (nog — 2,mn2)
(by the induction hypothesis)

no—l

S Z (1 +n1 +C‘ f(n() _ianlanQ - 1)) +Rn1(0;n2)
i=0
(by performing these steps repeatedly)

So overall, we obtain

’I’Lofl
R, (no,n2) < Z (I14+ny+c- f(ng—i,ni,n2 —1)) + Rn, (0,n2) (by (3))
i=0
nofl
=ny + Z (1+mn1+c- f(no—i,n1,n2 — 1))
i=0

<ni+mng-(1+n1+c- f(no,ni,ng — 1))

(as f(ng —i,n1,n2 — 1) < f(ng,n1,n2 — 1))
=ni+no-14+n-(1+¢)+(nme—1)-14+n1-(1+¢))-(c-np)™
< f(nosn1,n2). (4)

Here, (4) holds asng- (1+mn1-(1+¢)) < (1+mn1-(1+¢))-(c-ng)™ for ng >0
and ¢ > 0. a

Theorem 21 (Lifting Local Runtime Bounds). Let RB be a global runtime
bound, SB be a size bound, and @ # TL C T' C 7'\76 Moreover, let RB>T

loc
be a local runtime bound for TL w.r.t. T’ Then RB' is also a global runtime

bound, where RB'(t) = RB(t) for allt € T\ TL and for t € TZ, we have:

RB'(t) =Y, cer,, RB(r) - RBL

loc

(= T') [v/SB(r,v) | v e PV
T /
+ Z’I”ES]‘—T/ Zprun(r)ﬁJ:T/ RB(T) : RB]OC(%I) T) [U/SB(p7 U) | CAS PV]

Proof. We show that for all t € T, all oy € X, and all trees T with T,, <* T,
we have

[RB ()]0 = | Tlg3-

The case t € T\ 72 is trivial, since RB'(t) = RB(t) and RB is a runtime bound.
For ¢t € TZ, we have to show that

[RB' ()]0 = ﬂ > RB(r) - RB{ (=, T)[o/SB(r,v) | v € PV]

r€ET 71
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+ ) > RB(r) RBL (=, T[v/SB(p,v) | v € PV]H

r€EF 11 p € fun(r)NFy lool

> [Ty
Let Ty,...,T,, be the maximal subtrees of T where all edges are labeled with
transitions from 77 or function calls from fun(7”). So the subtrees Ty,..., Ty,

are constructed by only using <7y (c}-steps, i.e., if T;’s root node is labeled with
(£;,6), then we have ({(¢;,5;)}, @) <Tugey Ti- Let 7 € TUF be the transition

or the function call that the edge to (E, ;) is labeled with in T, i.e., 7; starts
the evaluation of the subprogram 7. Let k; be the number of edges labeled with
t in T; and let T have k edges labeled with ¢, i.e., |T;|{ = ki and [T|yy = k.
Then we have Y " | k; = k.

As SB is a size bound, we have [SB(7;,v)]s, > |0i(v)| for all v € PV.
Hence, by the definition of local runtime bounds and as bounds are weakly
monotonically increasing functions, we can conclude that

HRBIOC(—>ﬂ T') [v/SB(7i,v) | v € PV]]j6y = [[RBIOC(—M. Tz, = ki (5)

Finally, we analyze how many maximal 7’-subtrees can be reached via some
7 € T UF in the full tree T. Every entry transition 7, = r € £7 7 can occur at
most [RB(r)]|,| times in the tree T, as RB is a global runtime bound. Similarly,
every function call 7, = p € fun(r) N Fp for an r € EF 7 can occur at most
[RB(r)]|s,| times in the tree T. Thus, we have

[[RB ]]“TOI o Il Z RB loc(—>7' T/)[’U/SB(T U) | v E PV]
r€ET

Y SRBW)RBL (=, Tv/SBlp.o >|vemﬂ

r€EF 71 p € fun(r)NFos lool

> Z [[RBIOC =7, T') [0/SB(1;,v) | v € PV]]0y

=1

v
G
=
<
G

= | Tz

Theorem 26 (Size Bounds for Trivial SCCs Without Function Calls).
Let 8B be a size bound and {{T,x)} be a trivial SCC of the RVG such that T € F
or fun(n(z)) = @ for the update n of T € T. Then SB' is also a size bound where
SB'(a) = SB(a) for all a # (7, z), and for a = (1, x) we have

SB(a) = SBioc (), if pre(r) = @
max,s ¢ pre(r) 1SBloc() [v/SB(7',v) | v € PV]}, otherwise
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Proof. Let {{r,x)} be a trivial SCC such that 7 € F or fun(n(z)) = @ for the
update n of 7 € 7. Moreover, let o9 € X and T,, <* T such that T contains a
path ({y,00) = -+ =+ (-, 0) with o # L. We have to prove that

lol(z) < [SB'(7,2)]j00/-

We first consider the case pre(7) = & (i.e., 7 is an initial transition from 7p).
Note that by our definition of p-ITSs, £y can neither be the target location of a
transition nor evaluated after a function call. Thus, the path of the tree T has
the form (¢o,00) =~ (_, o). Hence, we have [SB'(T,2)] 5y = [SBioc(T, )] 09| =
|o|(x). Note that w.l.o.g., SBioc(T, ) € Z[PV] by the requirement fun(n(z)) = &
for the update 7 of the transition 7.

Otherwise, if pre(7) # @, then the path in T has the form ({y,00) — -+ —#
(,,0) =+ (-, 0) for some 7 € pre(r). By the definition of size bounds, we have
[SB(7,v)]|60 = |&|(v) for all v € PV. Thus, we obtain

[SB'(r. oy = [, max _ {SBuoc(0) [o/SB(r',0) | v € PV}

> [SBioc(a) [v/SB(7,v) | v € PV]]|4|
> [[SBloc(a)ﬂhﬂ
> |o|(z)

a

Theorem 28 (Size Bounds for Trivial SCCs With Function Calls). Let
SB be a size bound and {(t,z)} be a trivial SCC of the RVG such thatt € T and
fun(n(x)) # @. Then SB' is also a size bound where SB'(a) = SB(a) for a #
(t,z), and for a = (t,x) with fun(n(x)) = {p1,...,pn} and p; = ¢;(v;|_), we have

0, if pre®(t, p;) = @ for some i € [n]
MaXy: € pre?(t,p;) for all i€[n] {8810C (a) [pi/SB(t§7 v;) | (S [’I’L]]} ’

SB (a)= if all pre®*(t, p;) # @ and pre(t) = @
max {ES)ZSIOC(Q) [v/SB(1',v)|vePV][pi/SB(t],v;)|i€[n]]}, otherwise
7/ € pre(t

t, € pre® (t,p;) for all i€[n)

Proof. Let {(t,z)} be a trivial SCC of the RVG such that ¢t € T and fun(n(z)) =
{p1,-..,pn} # @ for the update n of t. Moreover, let o9 € X and T,, <* T such
that T contains a path (¢y,009) — -+ =, (., 0) with o # L. We have to prove
that

lol(z) < [SB'(7,2)]j00/-

If pre®(t, p;) = @ for some i € [n], then there are only evaluations ({o,oq) —
<o+ =, (., 0) where 0 = L. Hence, let pre(t, p;) # @ for all i € [n].

We first consider the case pre(r) = @ (i.e., 7 is an initial transition from
To). Again, by our definition of p-ITSs, ¢y can neither be the target location of
a transition nor evaluated after a function call. Thus, the path of the tree T has
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the form (¢p, 09) —+ (_, o). At the same time, T also contains paths (€o,00) —,
(i, ) = -+ =y (4, 07) for all i € [n] where £} € §2 since o # L. Hence, t] €

pre‘(t, p;). By the definition of size bounds, we have [SB(t], v;)]|oy| > |o}|(v;).
Hence, we obtain

[SB'(t, )]0 = [SBuoc(t, @) [pi/ SB(t;, vi) | i € [n]]]jo)
> [8Buoe(t, ) [pi/|oil(vi) | i € [nl]]jo
> |of(z).
Otherwise, if pre(t) # &, then the path in T has the form (¢y,00) = -+ —5

(4,6) = (L,0) for some 7 € pre(t). At the same time, T also contains paths
(o, 00) = -+ =z (£,6) —=p, (i) = -+ =y (€, 07) for all i € [n] where £} € 2

(2 7

since o # L. By the definition of size bounds, we have [SB(7,v)] |5 > |7](v)
for all v € PV and [SB(t},v)]|s, > |oj|(v;) for all i € [n]. Thus, for a = (t,z)
we obtain
[SB )]0 > [8Biee() [0/SB(Ev) | v € PV [pi/SBLt40) | € [l
= [8Bioc(a) [v/SB(7,v) | v € PV [pi/[SB(t;; 0)] o) | i € []]]jo
> [SBuoc(@) [pi/loj] | i € [n]]]5
> |ol(z).

a

Theorem 30 (Size Bounds for Non-Trivial SCCs). Let SB be a size bound
and C be a non-trivial SCC in a RVG, where for all a € C, SBioc(a) satisfies
(1) for suitable e, and so. Then SB' is also a size bound where SB' (o) = SB(«)
for alla € RV \ C, and SB' (o) = SB'(C) for all o € C, where

SB'(C) = [1aec scale() - (X gec(add(a) 7, oy, inita(v)+3 e p. initg (v)))

Proof. Let C be a non-trivial SCC of the RVG, let 09 € ¥, and T,, <* T such
that T contains a path (¢p,00) — -+ =, (_,0) with o # L. We have to prove
that

lo](v) < [SB'(7,2)]o-
If (1,2) ¢ C, then SB'(1,7) = SB(7,x) is a size bound by definition.

So let us consider « = (7, 2) € C. Note that 7 cannot be an initial transition
as there are no transitions or function calls leading back to the initial location ¢
(i.e., then C would not be a non-trivial SCC). Hence, there exists a predecessor
7 of 7 in the path, i.e., the path has the form

(60,0’0) — s = (275') —r (f,U).

Note that we must have |V,| + |F,| > 0 for all @ € C' as C' is a non-trivial
SCC of the RVG. Thus, as [max, ¢ pre(r) {1, 8a [v/SB(7',v) | v € PV} 6y > 1
for all o9 € ¥ and a € C, we also have

[scale(a)]|sy) > 1 for all og € X and a € C. (6)

We prove our claim by induction on the number |T|z where Z = {7 | (1,v) € C}.
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Induction Base: Here, we have |T|z = 1 and thus (7,v) ¢ C for all v € PV.
Note that we have

[inita (V)]0 = [max{SB(7,v) | 37 € T U F.(7,v) € pre(a) \ C}]|s|
> [[SB(%v U)ﬂhfo\
> |o(v)] (7)

for all v € actV(SBioc(e)) as (7,v) ¢ C. We extend fun(-) to function calls by
defining fun(p) = @ for all p € F. Then for all function calls p; € fun(r), there

is a path (£y,00) — --- — (£,5) —p (¢;,5;) in T such that f; € £2. We
have

Tinit (0o, = [max{SB(t, i) | 3¢ € T {t,0:) € pre() \ CHy
> [SB(ti, vi)]|o|
> [6;(vi)| ®

for all p; = £;(vi|_) € actF(SBioc()) as (t;,v;) ¢ C since |T|z = 1. Thus, we
have

[SB' (7, 2)] 5o > Ilscale(a)~ (add(a) + Y inita(v) + Y m@ﬁ@))ﬂ
lool

vEVy veF,

(by (6))

> [sa [v/SB(T,v) [ v € PV][jgq| - | €a + Y [inita(v)]jo

v € actV(SBioc ()
v actV(sqy)

T > [[initg(vi)]h%)

ez(vl‘) € a'CtF(SBloc(o‘))

> [salia) - | €a+ > o(v)] + > 5w
v € actV(SBioc (@) pi=Li(vi|-) € actF(SBioe ()
v actV(sq)

(by (7), (8), and as [SB(7,v)]|s,| = |7|(v) for all v € PV)

> [SBioc(r, 2) [pi/|6il(vi) | pi € fun(T)]]j5 (by (1))
> |of(x).

Induction Step: We have |T|y < [RB(t)]|5, for all t € T and [T[(,; <
> ictun—1(p) RB()]joo) for all p € F. Now for any @ = (7,_), we define the
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following expressions:

add(@,T) = |T|7 - | ew + > initg(v) + > inits (v)
v € actV (S Bioc (a@)) £(v]-) € actF(SBioc (a@))
v g actV(sg)UVa vg Fy

scale(@, T) = (max, ¢ pre(z) {1, S [v/SB(7’,v) | v € PV]} - (|Va| + |Ex) Tl
So compared to add(a) and scale(«), we have replaced the over-approximation

of the runtime bound rb, by concrete values. Let T’ be the tree which results
from T by removing (¢,0). Then we define

W =[] scale@T)- [ scale@T)-| > add@T)+ > add(@T)+

aeC; acC\C, aeC; aeC\C-
3 (Z inita(0) + 3 z-m-tg(v)))
acC \veVy vEFy

where C; = {(1,v) € C | v € PV}, i.e., C; contains all result variables of C' that
have a’s transition or function call 7. For all v € Vo, UF,, we have [¥],,| > |5 (v)]
by the induction hypothesis. Furthermore, for v € actV(SBjoc()) \ Vi, we have
(T,v) ¢ C and (7,v) € pre(a), and thus

[inita (V)]0 = [max{SB(7,v) | 37 € T U F.(7,v) € pre(a) \ C}|sy|
> HSB(%vv)ﬂlao\
> [o(v)]. 9)
Again, there is a path ({y,00) = - — (0,6) —p, -+ =1, (05,6;) in T for each
function call p; € fun(r) such that ¢; € (2. Similarly, for all v; € PV \ F,, with
0;(vi]_) € actF(SBioe(a)), we have (t;,v;) & C and (t;,v;) € pre®’(a). Thus,
[init (vi)] |00 = [max{SB(t,v;) | 3t € T. (t,v;) € pre?(a) \ CHiool
> [[SB(tia Ui)]hoo\
> |63 (vi)]. (10)

Finally, we define the following expression for all @ € C"

bz = ex + Z initz(v) + Z inits (v).
v € actV(SBioc(@)) L(v]) € actF(SBioc(@))
v & actV(ss)UVa v¢ Fx

To simplify the presentation, for @ = (7, _), let

Sy = max ){1, s [v/SB(T',v) | v e PV]}.

T/ € pre(T
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In particular, the following holds:
[Salioo) = [8a [0/SB(7,v) | v € PV]]joo| = [sa]j5- (11)
Thus, we now have

inity

[SB'(7,2)] |60 = HH scale(@) - Z add(a Z inity Z inits ﬂ
lool

acC aeC veVy veFy

Y

Il H Sa - (|Val + | Fal) - H scale(a,T") H scale(a, T)

weCs weCs TEO\Cx

-(Zaddal’ Z@—!— Z addaT—Fszt)ﬂg

acCs acCs acC\Cx aeC
(extract last evaluation step)

= HH Sa - (IVal + [Fal) - &+ T 3a- (Val + | Fal)

aeCs acCx
. H scale(a,T’) - H scale(a, T) (Z Dy )H
@eCs @eC\Cx aeCr lool

(by definition of ¥)

ZHH = ([Va] + | =) - <w+2¢>ﬂgo (by (6))

acCs aelC
> [8alioo) - (IVal +1Fal) - ([Palioo] + [Plio0)) (by (6))
> [[Saﬂ\&\ . (‘Va| + |Fa|) : (Hq)oz]]\aol =+ Hq;]]lao\) (by (11))

> [sals) - ([Paljoo) + (IVal + [Fal) - [¥]100))
(as [Val + |[Fa| > 1)

> [saliol - | [Padiool + D [#]jo0) + > [0
vEVy £(v]-) € actF(SBioc())
veE Fqo
> [salia - | [Padio + D 16(0)] + > 1G]
vEVy Pi :éb(’ul|) S ac;_‘F(SBloc(a))
v; € Fo

(by the induction hypothesis)

=[salis| - | €a+ D 16(0)| + > [inita (V)]s

vEVy v € actV(SBioc(a))
v ZactV(sq)UVy



26 N. Lommen, J. Giesl

+ ST i)l + > [nitd (v)] o)
pi=Li(vi|-) € actF(SBioc(a)) pi=Li(vi|-) € actF(SBioc())

v; € Fo v; @

(by definition of &)

> [sali5) - | €a + S e+ EACHI
v € actV(SBioc(v)) pi=L;(vi|- )GactF(SBlov(a
v actV(sqy)
(by (9) and (10))
2 [8Bioc(T, @) [pi/|5il(vi) | pi € fun(7)]]5 (by ( )

> |o|(z).

B Local Runtime Bounds via TWN-Loops

In this appendix we briefly recapitulate how to infer runtime bounds for so-called
triangular weakly non-linear loops (twn-loops) based on our previous work [11,
12, 15, 16, 18]. This approach can be used to infer the local runtime bound

RBl{OtZ’}(—)tz {ts}) = logy(y) + 2 for transition ¢3 in our leading example of

Fig. 2. This local runtime bound is needed in Ex. 22 to compute RB(t3).
An example for a terminating twn-loop is:

while (2o — 21 >0 A 21 > 0) do (x1,22) + (3- 21, 2+ z2) (12)

Note that this loop corresponds to transition t3 (z = 1 and y = x9) with the ad-
ditional invariant x; > 0. In practice, we use the tool Apron [14] to automatically
infer such invariants. Formally, a twn-loop (over the variables & = (x1,...,24)) is
a tuple (o, n) with the guard ¢ and the update n : V — Z[V] for V = {z1, ..., 24}
such that for all 1 < ¢ < d we have n(z;) = a; - x; + p; for some a; € Z and
p; € Zlx1,...,x;—1]. Thus, a twn-update is triangular, i.e., the update of a vari-
able does not depend on variables with higher indices. Furthermore, the update is
weakly non-linear, i.e., a variable does not occur non-linearly in its own update.

Our algorithm for the computation of runtime bounds for twn-loops starts
with computing closed forms for the loop update, which describe the values of the
variables after n iterations of the loop. These closed forms can be represented as
so-called poly-exponential expressions. The set of all poly-exponential expressions
is defined as PE = {25:1 pj-n% 0% | k,a; €N, p; € QV], b; € Z}.

Ezample 32. The closed forms for the loop (12) are c1,, = x1 - 3" and cl,, =
X9 - 2m,

The following Thm. 33 presents a construction based on closed forms which
yields polynomial runtime bounds for terminating transitions t = (¢, p,n,¥)
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which correspond to twn-loops. We insert the closed forms of the update n into
every atom « = p > 0 of the guard . This results in a poly-exponential expres-
sion pe, = Z?;l Pa,j - 7 - by ; € PE such that the summands are ordered
w.r.t. the growth rate of n®7 - by .. Now, the polynomials p,,; in pe, determine
the asymptotic complexity of the resulting local runtime bound.

Theorem 33 (Polynomial Runtime Bounds for TWN-Loops). Lett =
(L, 0,m, L) be a terminating transition and for every atom « in ¢, let pe, =
Zjil Pa,j - n* - by o € PE be a poly-exponential expression with pq j # 0 for
all1 < j <kq and (ba ks Qo k,) >lex -+ >lex (ba,1,0a,1) such that peq results
from inserting the closed forms of n into a. Then

RBLIN O =2 max  {Tpaa] 4ot [papo—1) +o

@ occurs in
s a local runtime bound where ¢ € N is some computable constant.

Ezample 3. The loop (12) is terminating as the value of x; eventually out-
grows the value of x5. Inserting the closed forms of Ex. 32 into the atoms yields
Pery—z1>0 = —T1-3" +22-2" and pey, ~o = =1-3". So, we have py,_»,>0,1 = T2,
Dao—z1>0,2 = —T1, and Py, >0,1 = 1. Hence, for the transition ¢ and the loca-
tion ¢ corresponding to (12), we obtain the polynomial local runtime bound

RB{t}’{t}(ﬂ) =2 [pay—w,50,1] +¢ =222 + ¢ where ¢ = 1 (see [18] for the

loc
detailed construction of ¢).

While Thm. 33 always yields polynomial runtime bounds, we recently im-
proved this to logarithmic runtime bounds if the exponential expressions are
strictly decreasing, i.e., by, > -+ > bq,1. Intuitively, the reason is that then
the summand pq ; - n%7 - by ; grows exponentially faster than all summands
Dai - ni - by for i < j.

Theorem 35 (Logarithmic Runtime Bounds for TWN-Loops). Lett =
(4, p,m,€) be a terminating transition and for every atom « in p, let pe, =
Z?;pa,j ~nted by o € PE be a poly-exponential expression with pa j # 0 for
all1 < j < kg and by, > ... > by such that pe, results from inserting the
closed forms of n into . Then

RBI (1) = ¢ logy( max {[pan] + -+ [Papa—1]l}) +¢

a occurs in @
s a local runtime bound where c,c’ € N are some computable constants.

Example 36. Reconsider Ex. 32 and 34: As the exponential terms in peg,—,>0 =
—z1 - 3" 4+ z2 - 2" and pe,, >0 = w1 - 3" are strictly decreasing (i.e., 3 > 2
for pes,—z,>0), we can apply Thm. 35. So for the transition ¢ and the loca-
tion ¢ corresponding to (12), we obtain the logarithmic local runtime bound
RBII (0) = ¢ 1085 (Tpia 10,1 1) + ¢ = ¢ -logs (w2) + ¢ = logy (w2) + 2 where
c=2and ¢ =1 (see [18] for the detailed construction of ¢ and ¢’).
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